Spin transport properties of a coupled bilayer electron gas with Rashba spin-orbit coupling are studied. The definition of the spin currents in each layer as well as the corresponding continuitylike equations in the bilayer system are given. The curves of the spin Hall conductivities obtained in each layer exhibit sharp cusps around a particular value of the tunneling strength and the conductivities undergo sign changes across this point. Our investigation on the impurity effect manifests that an arbitrarily small concentration of nonmagnetic impurities does not suppress the spin Hall conductivity to zero in the bilayer system. Based on these features, an experimental scheme is suggested to detect a magnification of the spin Hall effect.
I. INTRODUCTION
Manipulating the spin degree of freedom for electrons has recently brought in an emerging information technology, spintronics, 1-3 which offers clues for designing devices based on traditional materials with spin-related effects. In this promising field, the spin Hall effect [4] [5] [6] is regarded as a candidate method to inject spin current in semiconductors. Based on the spin-orbit coupling ͑SOC͒, an external electric field is required to drive a transverse spin current while the magnetic field is not necessary, which is much different from the traditional applications of the spin degree of freedom. A universal spin Hall conductivity e / 8 is predicted theoretically in a clean single layer electron system. 6 Several groups' calculations [7] [8] [9] [10] [11] showed that nonmagnetic impurities would suppress this spin Hall conductivity to zero, while others indicated that the spin Hall conductivity is not zero in the presence of magnetic impurities. 12, 13 Experimentally, the spin accumulation in nonmagnetic semiconductors has been observed 14, 15 and the spin current was detected either by Kerr rotation microscopy 16 or by two-color optical coherence control techniques. 17 Very recently, a direct electronic measurement of the spin Hall effect has been reported 18 where the spin current induces the charge imbalance and a voltage is detected.
As the SOC, which is crucial to the spin Hall effect, is a relativistic effect and thus comparably weak, a natural question is how to strengthen this effect. In the light of single layer systems being considered in current literature, one may ask whether a multilayer system possesses a magnification effect and what new phenomena will take place if the tunneling between layers is taken into account. Another more realistic question is what will happen if there exist impurities in a multilayer system.
In this paper, we investigate the spin transport properties in a coupled bilayer electron system with different SOC strength in each layer as well as the tunneling between layers. As a starting point, we generalize the definitions of spin currents to a coupled bilayer system and obtain the corresponding "continuitylike" equations. Carrying out calculations of the spin current in the Heisenberg representation, we find that the spin Hall conductivity in each layer manifests abrupt enhancement around a particular value of the tunneling strength between layers and undergoes a sign change across this point. The influence of impurities is also studied. We indicate that the spin Hall conductivity in the bilayer system cannot be suppressed to zero by an arbitrarily small concentration of impurities. An experimental scheme is designed on the basis of these features to magnify the spin Hall effect near the turning point. Besides, possible logical gates are expected to be elaborated based on the sign change of the spin current across this point.
The whole paper is organized as follows. In Sec. II, we generalize the definition of the spin current in each layer and obtain the continuitylike equations. In Sec. III, the spin current as well as the spin Hall conductivity in each layer are calculated in Heisenberg representation. In Sec. IV, the influence of disorderly distributed nonmagnetic impurities on the spin Hall conductivity is investigated. In Sec. V, we show the greatly enhanced spin currents near the turning point and scheme out possible experiment to detect a magnification of the spin Hall effect. Finally, a brief summary is given in Sec. VI and some concrete expressions are written out in the Appendix.
II. CONTINUITYLIKE EQUATIONS
As a proposition to study the spin transport, we first introduce the definition of the spin current in a coupled bilayer system in this section. Throughout the whole paper, we consider a coupled bilayer system where the strength of the Rashba-type SOC in each layer are different and the tunneling between layers always occurs. The spaces spanning the electrons' spin states and layer occupations, respectively, carry out SU͑2͒ representations. If the spin and layer representations are denoted by Pauli matrices a and matrices a , respectively, the total Hamiltonian of such a system can be written as
where ␣ 1 and ␣ 2 refer to SOC strength in the front and back layers, correspondingly, and ␤ the tunneling strength be- 
It is natural to define the full spin current operator for the whole bilayer system as
͑2͒
with ĵ f a and ĵ b a being the spin current operators in the corresponding layers. Even though the tunneling couples two layers, the spin current operator is in a block diagonal form since the tunneling is momentum independent. Then we have the spin density and the spin current density in each layer
where ᐉ stands for f or b.
It is obvious that the presence of the SOC, which can be regarded as certain SU͑2͒ gauge potentials A ជ i and A ជ 0 , 19 leads to the nonconservation of the spin density. Hereafter, a vector in the spin space is denoted by an overhead arrow, e.g., S ជ = ͑S x , S y , S z ͒. In terms of these gauge potentials, the partially conserved spin current takes a covariant form 19 and obeys the continuitylike equation, namely, 
͑4͒
In the coupled bilayer electron gas with Rashba SOC,
The tunneling between layers gives rise to the term on the right hand side of Eq. ͑4͒ and this term results in additional nonconservations for the spin density in each layer.
III. SPIN CURRENTS IN A CLEAN SYSTEM
In this section, we calculate the spin currents for a clear system in Heisenberg representation. 20 A weak electric field E = Ex applied on both layers is regarded as a perturbation. We mainly focus on J ᐉy z component of the spin current in the ᐉ layer, which is flowing perpendicularly to the electric field with the spin polarized in the z direction.
Diagonalizing the unperturbed Hamiltonian ͑1͒, we obtain four energy bands:
denoting a special point where 1 = 2 = ប 2 k t 2 / 2m. The landscapes of these bands are plotted in Fig. 1 , in which ↑ in the right panel marks the level crossing point of 1 and 2 at k t . As we will see later, the spin Hall conductivity exhibits sharp cusps around this point. In the following, we consider the case k Ͻ k t which has the same result as k Ͼ k t . The eigenvectors 
where = tan −1 ͑k y / k x ͒ and the normalization coefficients N j are given in the Appendix.
The spin current operator for the whole bilayer system is given by ĵ y z = 
Obviously, the time evolution of I z depends on those of other four-by-four Hermitian matrices, such as I x which also depends on other matrices. Hence, we need to deal with the time evolutions of 16 matrices ͕I I ,
which span the space of the four-by-four Hermitian matrices. If we arrange those 16 matrices successively in a single column, denoted by ⌫, the problem reduces to search solutions of a set of 16 linear differential equations:
where the concrete expressions of M and M t are given in the Appendix. Expanding ⌫ in series of the electric field, namely, ⌫ = ⌫ ͑0͒ + ⌫ ͑1͒ +¯, we have the following equations:
up to the first order. Using the standard method to solve these equations, we obtain the linear order term I z ͑1͒ in the limit t → 0:
where 0a stand for the initial values of a at t = 0 and the coefficients C are written out in the Appendix. The spin currents in both layers produced by the states in each energy band are evaluated as
The total spin current in each layer is the sum of the contributions of the four bands up to the Fermi level, i.e., J f͑b͒y The full spin current of the whole bilayer system is given by J y z = J fy z + J by z and the corresponding spin Hall conductivity is defined as s = ‫ץ‬J y z / ‫ץ‬E. Our results can also be verified by Kubo formula. It is worthwhile to observe our results in two specific cases. In the case that the tunneling is absent, the system becomes a decoupled two single layers and its spin Hall conductivity becomes s = e / 4, twice of the universal value in a single layer. 6 In the case of ␣ − → 0, there is no difference between the two layers and thus they cannot be distinguished. Consequently, no matter the tunneling is present or not, they behave just like decoupled two single layers since tunneling to the other layer makes no difference from staying in the original one. Now we are in the position to investigate the tunneling dependence of spin Hall conductivities f and b in each layer. Based on the above results, we plot f , b as well as s in Fig. 2 . The dependence of the spin Hall conductivity in each layer on the strength of the SOC is quite different from that in a single-layer system which does not vary as the strength of the SOC changes. As illustrated in Fig. 2͑a͒ , f͑b͒ increases ͑decreases͒ monotonously as the strength of the SOC in its layer increases ͑decreases͒ while s keeps constant. We also plot f and b versus the tunneling strength in Fig. 2͑b͒ and 2͑c͒. They change abruptly near ␤ t where k F1 = k F2 = k t and also undergo sign changes across this point. At this point, the spin current produced by the states in band 1 and that in band 2 cancels each other precisely, leading to a depression of s which always keeps a constant value e / 4 for ␤ ␤ t . It manifests that each layer possesses a large spin conductivity near ␤ t , while s of the whole system remains e / 4. These features are instructive for designing experiments to detect a magnified spin Hall effect.
IV. IMPURITY EFFECTS
In realistic systems, disorderly distributed impurities are unavoidable, which frequently affect transport properties. It was believed that the spin Hall conductivity in a single layer electron gas could be suppressed to zero by the vertex corrections of nonmagnetic impurities even for an infinitesimally small concentration. [7] [8] [9] [10] [11] Therefore, it is necessary to investigate the impurity effects in the bilayer system.
We consider disorderly deployed nonmagnetic impurities. The short-ranged interaction between the electron and impurities at positions R i is described by V im = ͚ i u␦͑r − R i ͒. Here we assume the coupling strength u is sufficiently weak so that the Born approximation is applicable. The averaged retarded Green's function satisfies the Dyson equation
where the overbar, refers to an average taken over the configuration of impurities, G 0 R denotes the free Green's function, and ⌺ R the self-energy brought about by the impurities. In the Born approximation, 21 the Dyson equation can be explicitly written as
where n im stands for the impurity concentration and the size of the whole system.
For convenience, we introduce the chiral representation in which the H 0 is diagonalized by a unitary matrix U, i.e., U † H 0 U = diag͑ 1 , 2 , 3 , 4 ͒. In this representation, the free retarded Green's function reads G 0͑ch͒ In terms of the Kubo formula, the averaged spin Hall conductivity at zero temperature can be calculated,
where G A is the advanced Green's function, ĵ e = ev x the charge-current operator, and ͑͒ the step function representing the Fermi distribution function at zero temperature. The trace Tr in Eq. ͑13͒ implies both the conventional trace over the spin indices and the summation over the momenta. In the uncrossing approximation, 10 s is the sum of s 0 and s L , the former is the contribution by one-loop diagram ͑shown in Fig. 3͒ , while the latter is that by a series of ladder diagrams ͑shown in Fig. 4͒ .
A. One-loop diagram contribution
To derive the dc conductivity, we take the limit → 0 in Eq. ͑14͒ and obtain the one-loop diagram contribution 
is a function of ␤ / ͑␣ − k F ͒. ⌬ ij ϵ i ͑k F ͒ − j ͑k F ͒ is the energy splitting between two bands at the Fermi surface. The Fermi wave vector k F is given by ͱ 2m / ប with being the chemical potential. In carrying out the summation of momentum in Eq. ͑14͒, we have adopted the large Fermi-circle limit ӷ 1 / , ⌬ ij .
Our result in Eq. ͑14͒ seems to be similar to the expression of a single layer system, sH 0 = 
B. Vertex correction
The sum of ladder diagrams in 
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where J y z is momentum independent and satisfies the transfer matrix equation
As a result, we have
͑17͒
where J 12 , J 14 , J 34 are the matrix elements of J y z . Their explicit expressions, a solution of Eq. ͑16͒, are given in Eq. ͑A7͒ in the Appendix. When the tunneling vanishes, we have
2 2 ͒, reducing to the case of a decoupled bilayer system, and s L precisely cancels s 0 , leading to a vanishing spin Hall conductivity. The nontrivial situation is that both the tunneling ␤ and the difference in Rashba strength ␣ − are present, which makes s survives.
V. MAGNIFICATION EFFECT AND POSSIBLE EXPERIMENTS
The spin Hall conductivity is the sum of s 0 and s L . An arbitrarily small concentration of nonmagnetic impurities cannot suppress the spin Hall conductivity in a bilayer system to zero, which is quite different from the case in the single layer system. In Fig. 6 , we plot the spin Hall conductivities for each layer f͑b͒ and for the whole system s with ␣ + = 0.55ϫ 10 −13 eV m and ␣ − = 0.45ϫ 10 −14 eV m ͑i.e., the strength of the Rashba spin-orbit coupling in each layer are of the same order͒. The curves for the conductivities exhibit similar cusps around the turning point ␤ t as in Fig. 2 without impurities. The conductivity in each layer possesses opposite signs, leading to a quite small s for the whole system. However, things are changed when ␣ − is comparably large. Figure 7 shows the conductivities with parameters ␣ + = 0.55 ϫ 10 −13 eV m and ␣ − = 0.45ϫ 10 −13 eV m, i.e., the Rashba strength in the front layer is ten times as much as that in the back layer. The opposite signs of the conductivities in each layer in the absence of impurities turn to be the same in the presence of impurities. As a result, the peak value of s for the whole system is considerably large. It suggests that a large difference in the strength of Rashba spin-orbit coupling between layers is favorable for a greatly enhanced spin Hall conductivity.
Above results are obtained with rather dilute impurities which requires the mobility of the two-dimensional electron gas to be quite high. The influence of the concentration of impurities on the spin Hall conductivities is also studied, as shown in Fig. 8 . Increasing the concentration of impurities, we find that the peak value decreases. Although the impurities tend to suppress the spin Hall conductivity, s would still be detectable. For a two-dimensional electron gas with its mobility of order 10 6 cm 2 / V s which is in an experimentally realizable regime, the peak value of s is around e / 8. Thus, the spin Hall conductivity for a bilayer electron system does not vanish and is expected to be measured in samples with high mobility.
We discuss possible experiments to detect the magnification of the spin Hall effect. Our proposal is based on the fact σ (e/8π)
͑Color online͒ Spin conductivities in each layer f͑b͒ and the whole system s are plotted with parameters ␣ + = 0.55 ϫ 10 −13 eV m, ␣ − = 0.45ϫ 10 −13 eV m, and = 6.6 ns. The peak values of the conductivity in each layer is quite large and possesses the same sign. σ (e/8π)
FIG. 8. ͑Color online͒ Spin conductivities for the whole system s are plotted with different momentum-relaxation times: 1 = 6.6 ns, 2 = 2.1 ns, 3 = 0.66 ns. Other parameters are the same as those in Fig. 7 .
that a spin-polarized electric current ͑means the existence of spin current͒ in the presence of the SOC can induce different charge populations at the laterals and hence a Hall voltage can be detected. 18 Since the induced Hall voltage is in proportional to the spin Hall conductivity, its magnitude is greatly enhanced near the turning point ␤ t in the coupled bilayer electron gas. As the tunneling strength can be tuned by the gate voltage, we therefore suggest experimentally detect an enormously magnified Hall voltage by tuning the tunneling strength to be near ␤ t in the bilayer system ͑see Fig.  9͒ . Additionally, the sign changes of spin Hall conductivity across ␤ t also make the coupled bilayer system a candidate for fabricating possible logical gates.
VI. SUMMARY
We investigated the properties of the spin transport in a coupled bilayer system where the strength of the SOC in each layer may be different and the tunneling between the two layers occurs. We gave natural definitions of the spin density and the spin current density in each layer and derived the corresponding "continuitylike" equations. Based on the calculations in Heisenberg representation, we obtained the spin current. The curves of the spin Hall conductivities in each layer exhibit sharp cusps around the turning point and the peak values have signs changed across this point. We also investigated the influence of impurities on the spin Hall conductivity. We found that an arbitrarily small concentration of nonmagnetic impurities does not suppress the spin Hall conductivity to zero in a bilayer system, which is quite different from the case in the single layer system. The opposite signs of the conductivities in the absence of impurities become the same in the presence of impurities. Making use of these features, we proposed a possible experiment to detect a magnified spin Hall effect by direct electronic measurement. The sign-change property may also be used in designing certain logical gates.
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APPENDIX: EXPRESSIONS FOR SOME COEFFICIENTS AND THE MATRICES
The coefficient matrices in the linear Eq. ͑8͒ are written as where f x ± = ␣ ± k 0x and f y ± = ␣ ± k 0y , and 
͑A2͒
The normalization coefficients for the eigenvectors in Eq. ͑6͒ read
